We consider the imaginary time flow of a quadratic hyperbolic Hamiltonian on the symplectic plane, apply it to the Schrödinger polarization and study the corresponding evolution of polarized sections. The flow is periodic in imaginary time and the evolution of polarized sections has interesting features. On the time intervals for which the polarization is real or Kähler, the half-form corrected time evolution of polarized sections is given by unitary operators which turn out to be equivalent to the classical Segal-Bargmann transforms (which are usually associated to the quadratic elliptic Hamiltonian H = 1 2 p 2 and to the heat operator). At the right endpoint of these intervals, the evolution of polarized sections is given by the Fourier transform from the Schrödinger to the momentum representation. In the complementary intervals of imaginary time, the polarizations are anti-Kähler and the Hilbert space of polarized sections collapses to H = {0}.
Introduction
The study of equivalence of the quantizations of a symplectic manifold for different choices of polarization is very interesting both from the physical and the mathematical points of view. For example, the unitarizability of the Knizhnik-Zamolodchikov-Hitchin connection on bundles of conformal blocks continues to be a mathematical challenge (for recent progress, see [AnGa] ). These studies have close links with the "complexification" of the group of symplectomorphisms and the corresponding geodesics on the space of Kähler metrics, see for example [Do99a, Do99b, BLU, MN15] , play an important role in recent developments.
We will be interested in the study of the unitarity of maps associated with the imaginary time Hamiltonian flow of a quadratic hyperbolic Hamiltonian function (the "complexifier") on the symplectic plane, applied to the Schrödinger quantization. The idea of complexifier Hamiltonian function was proposed in [Th96] (see also [Th07, GT07a, GT07b] ). In geometric quantization, in several families of examples, the analytic continuation of Hamiltonian flows from real to imaginary time allows one to connect real and Kähler (or mixed) polarizations. The corresponding time evolution of polarized sections can be described by a map, called Kostant-Souriau-Heisenberg (KSH) map in [KMN14] . To define it, one chooses a triple, (H, P 0 , H), where H is the complexifier Hamiltonian function, P 0 is the starting polarization (the Schrödinger, or vertical, polarization in the present case) and H is a representation of H on the initial Hilbert space of polarized sections H P 0 .
Let X H denote the Hamiltonian vector field of H and, for τ = it, t ∈ R, denote by P τ the imaginary time evolution of the initial polarization,
(We will show in Section 3 that for the cases examined in this paper P τ is well-defined. For more general cases, see [MN15] .) Given the above triple (H, P 0 , H), exp(−t H) is the quantization of the complexified symplectomorphism exp(−τ X H ) on H P 0 (we are chosing = 1). Let ρ(H) be the Kostant-Souriau prequantum operator associated to H (see Section 2.) Then, the KSH transform at time −it is given by U τ = exp(+tρ(H)) • exp(−t H) :
where the action of exp(−t H) on H P 0 is followed by the prequantization, exp(+tρ(H)), of the complex symplectomorphism, exp(itX H ), mapping H P 0 to H Pτ . Note that, as recalled below, the classical Segal-Bargaman transform can be described exactly in this way.
The study of adapted complex structures on cotangent bundles of Riemannian manifolds ( [GuSt91, LS] ) as the result of imaginary time evolution under the geodesic flow was initiated in [HK11] and extended to other situations in [HK15, KMN13, KMN16] . The interpretation of the factorization of the Hall coherent state transforms [Ha94, Ha02, Dr] , which generalize the Segal-Bargman transform to the case of more general Lie groups, as the quantization of a imaginary time symplectomorphism followed by the prequantization of its inverse was proposed in [KMN13, KMN14] .
In the present paper, we study the imaginary time flow of an hyperbolic Hamiltonian applied to the Schrödinger polarization on R 2 and the corresponding KSH transforms. The analytic continuation to imaginary time of the Hamiltonian flow is periodic. Therefore, the KSH map is also periodic in imaginary time. On the time intervals for which the polarization is real or Kähler, the KSH maps will be unitary and will actually turn out to be Segal-Bargmann transforms, disguised by a new presentation as the composition of two (unbounded) factors. Just before the time at which the polarization becomes anti-Kähler, the KSH map is given by the Fourier transform from the Schrödinger to the momentum representation. In the anti-Kähler region, the Hilbert space trivializes to H = {0}.
As we will see, the new factorization of the unitary Segal-Bargmann transforms is very different from the one achieved by the "traditional" coherent state transforms, in which one first applies a bounded contraction operator, namely the heat kernel operator, mapping L 2 -states to real analytic functions with unique analytic continuation, and then one applies analytic continuation [Ha06] . In the factorization induced by an hyperbolic complexifier both factors are unbounded operators but their composition is unitary in the Kähler or real sectors.
Geometric quantization and coherent state transforms
In the present section, we will briefly review relevant aspects of geometric quantization of (R 2 , ω = dx ∧ dp) with trivial prequantum line bundle L = T * R × C, so that the non-zero constant function is a global trivializing section. (For a comprehensive reference on geometric quantization see, for example, [Wo] .) Let the connection on L be defined by ∇1 = ipdx and the compatible Hermitian structure by h(1, 1) = 1.
The prequantization of the observable f ∈ C ∞ (R 2 ) is given by
where L X f denotes the Lie derivative acting on the half-form correction. The Schrödinger representation corresponds to choosing the vertical polarization
for which the quantum Hilbert space is
with inner product normalized as follows,
Let H denote a real-analytic Hamiltonian function on R 2 . (In this paper, we will take H to be an homogeneous polynomial of degree two.) H generates complexified canonical transformations and a family of quantizations of (R 2 , ω), as follows. Using the push-forward by the corresponding Hamiltonian flow analytically continued to complex time τ , define
That is, for τ ∈ T , there exists a complex structure J τ such that (R 2 , ω, J τ ) is Kähler, with
(Note that for general H, T could be empty. However, as we will show, for the quadratic Hamiltonians we will consider T is open and has 0 in its boundary.) The corresponding Hilbert space of polarized quantum states H Pτ is
where w = exp(τ X H ) x is a J τ -holomorphic coordinate, the bar denotes norm completion and the inner product reads
One then has a "quantum" bundle of Hilbert spaces H → T , with fiber H Pτ over τ ∈ T .
In the following, we will study the unitary equivalence of the elements of this family of quantizations by "lifting" the action of the complexified Hamiltonian flow of H on the space of polarizations, given in (2.4), to H. This will achieved by giving KSH maps, as described in the Introduction,
which will be shown to be unitary isomorphisms for τ ∈ T . 2 We can think of H P 0 = H P Sch as being the fiber over an extension of H to T ∪ {0}.
The study of Kähler polarizations of cotangent bundles T * M through complexified Hamiltonian flows has, by now, been explored in a number of works [HK11, KMN13, KMN14, MN15, EMN] . In the case of the cotangent bundle of a Lie group of compact type, such 1 The factor of √ π is necessary to ensure a unitary correspondence between the Schrödinger and the Kähler polarizations to be studied below. This factor also appears in [FMMN] . 2 Actually, in what follows we will, for simplicity, consider only the case τ = it, t ∈ R. This does not bring any essential loss of generality since for real time the KSH map is explicitly unitary.
as R 2 ∼ = T * R in the present paper, it is known that quantizations in Kähler polarizations generated by the complexified Hamiltonian flow of the energy functional 
where ∆ is the Laplacian for the Euclidean metric on R 2 , C denotes analytic continuation and HL 2 (C, dν t ) is the Hilbert space of holomorphic functions on C which are L 2 with respect to the "averaged heat kernel measure" dν t [Ha94, Dr] . Note that L 2 (R, dx) ∼ = H P Sch and that Ha94, FMMN] . In [KMN13, KMN14] , this factorization of the SegalBargmann transform, and of a large family of its generalizations, was shown to correspond to a KSH map, U τ , as in (1.1), arising naturally in geometric quantization without the need to introduce by hand the heat kernel measure,
is the quantization of H E in the Schrödinger polarization. In this case, the positive-definite quadratic Hamiltonian H E is associated by Schrödinger quantization to the elliptic operatorĤ E . The norm contraction given by the heat kernel operator is exaclty compensated by the norm expansion associated to the analytic continuation and U τ is unitary. For more general choices of H this will hold at most asymptotically in the limit t → +∞ [KMN13, KMN14] .
In the present paper, we will examine the case when H E is replaced by an hyperbolic (indefinite) quadratic Hamiltonian function. As we will show, for some ranges of complex time τ , the resulting KSH map will be unitary even though it is given by the composition of two unbounded operators. This, in particular, shows that the condition of exp(−tĤ E ) being a contraction semigroup is not a necessary condition for the unitarity of the KSH map.
Quadratic complexifiers and the Schrödinger polarization
Consider the quadratic hyperbolic Hamiltonian
where det(Hess(H)) = H 11 H 22 − H 2 12 < 0. Let det(Hess(H)) = −α 2 , with α > 0. The corresponding Hamiltonian vector field is
We obtain the following result for the imaginary time flow of the Schrödinger polarization.
Proposition 3.1 Let τ = it, t ∈ R and H be given by (3.1). The evolution of the Schrödinger polarization in imaginary time τ gives the polarization
Proof. We have P Sch = X x C = ∂/∂p C and
The result then follows directly from the analytic continuation of the real time flow to imaginary time. In real time t ∈ R, we obtain
and therefore in imaginary time, τ = it, the function whose Hamiltonian vector field generates P τ is
We see that w is a periodic function of t, with period 2π/α, and we have dw ∧ dw 2i = − H 11 2α sin(2αt) dx ∧ dp, so that (3.3) follows. We see that for k ∈ Z and t ∈ (
.) The Proposition shows that, for appropriate intervals of t, namely when P τ is not real, w τ defines a new holomorphic coordinate on R 2 defining a new complex structure on it. Since, from Proposition 3.1, the family of polarizations {P τ }, τ = it, t ∈ R, is periodic in t with period π α we will consider the interval t ∈ [0, 
Unitarity of the KSH map 4.1 Hyperbolic case
Here, we will study the unitarity of quantizations obtained by the action of the complexifier given by the hyperbolic Hamiltonian
where α > 0. We are therefore setting H 11 = 1, H 12 = 0 and H 22 = −α 2 . We will see below in Propositions 4.13 and 4.14 that the KSH map for a more general hyperbolic Hamiltonian can be reduced to this one by a linear canonical transformation.
The prequantization of (4.1) and its quantization in the Schrödinger representation are, respectively,
where
We have from the proof of Proposition 3.1, with τ = it, t ∈ R,
We see that, with the prequantum and quantum Hamiltonians (4.2), and unlike the usual coherent state like transforms, both factors in the KSH map (1.1) are unbounded operators for any value of t. However, as we will see below, for "half of the values" in periodic imaginary time the "directions of unboundedeness" of the factors are exactly cancelled.
Recall from Proposition 3.1 that P τ , τ = it, t ∈ R is periodic in t with period π/α, such that P 0 is the Schrödinger polarization. For the complexifier (4.1) we obtain that P i π 2α is the momentum polarization. We will focus on the interval t ∈ (0, π 2α ) for which P τ is a Kähler polarization and on the values t = 0, π 2α
for the Schrödinger and momentum real polarizations, respectively. For t ∈ ( π 2α , π α ), P τ is anti-Kähler and, as explained below, the corresponding Hilbert spaces of normalizable polarized states are trivial, H Pτ = {0}.
As in [GrSc12, GKRS] it will be convenient to consider an overcomplete system of normalized (with respect to (2.3)) Gaussian coherent states
Our main result in this Section is Theorem 4.1 For τ = it, t ∈ R, with t ∈ (0, π 2α
), define the (half-form corrected) KSH transform
The map U τ has the following important properties: a) U τ intertwines the unitary irreducible representations of the Heisenberg group on H P Sch and on H Pτ ; b) U τ is a unitary isomorphism; c) Let Y = (P, Q) ∈ R 2 . Then the U τ transform of Gaussian coherent states reads
where p τ , x τ are given in (4.4), w τ = x τ is the P τ -polarized coordinate (holomorphic for t = kπ 2α
, k ∈ Z), P τ , Q τ are given by (4.4) with (p, x) replaced by (P, Q) and b τ = α cot(θ + αt) with tan θ = α. ) and sin(θ + αt) = 0. ♦
we obtain the usual relation between the quantization in the Schrödinger and momentum polarizations given by the Fourier transform. , the (half-form corrected) KSH transform
coincides, up to a phase, with the Fourier transform. Namely, let Y = (P, Q) ∈ R 2 . Then the U i π 2α transform of Gaussian coherent states reads
(x−Q) 2 dx ⊗ dp (4.11)
is the Fourier transform. In particular,
is a unitary isomorphism that intertwines the usual position and momentum representations of the Heisenberg group.
Remark 4.5 The phase e −ipx in the last term of (4.10) is expected and corresponds just to the usual change of gauge from the prequantum connection adapted to the Schrödinger polarization, which we are using, to a prequantum connection adapted to the momentum polarization.
♦ Remark 4.6 The Fourier transform is well-known to correspond to the BKS pairing (which in this case coincides with the KSH map) between quantizations in the Schrödinger and momentum polarizations. Moreover, as shown in [KW] , it arises from the usual familiy of Segal-Bargmann transforms, generated by the complexifier given by the Hamiltonian function h(x, p) = 1 2 p 2 , in the limit t → +∞, that is when imaginary time τ → +i∞. It is remarkable, however, that in the present case of an hyperbolic complexifier Hamiltonian function, one obtains the Fourier transform from the KSH map at finite imaginary time. This will be substantially clarified in Section 5. ♦ Remark 4.7 Note that U i π 2α
in Theorem 4.4 is just the t → π 2α
limit of U it in Theorem 4.1. Namely, (4.11) coincides with (4.8) evaluated at t = π 2α
. ♦
We will prove these theorems with the help of two lemmas. The operator exp(−t H) corresponds to the Schrödinger evolution with respect to the non-Hermitian Hamiltonian −i H in time t. The evolution of Gaussian coherent states with respect to non-Hermitian quadratic Hamiltonians was studied in [GrSc12, GKRS] . 
where, for τ = it, t ∈ R, tan θ = α, b τ = α cot(θ + αt),
Proof. By writing the initial value problem for
and using as ansatz an expression as in equation (37) of [GrSc12] , one obtains the expected evolution of the complex centers in complex time τ = it, t ∈ R,
and alsoḃ
τ . The result then follows from (4.4) above. Equivalently, one can use equations (41) to (43) in [GrSc12] . It is easy to verify that the (appropriately redifined) prefactor satisfies the equation (43) of [GrSc12] with the correct initial conditions and for complex time τ = it.
Composing with the evolution via the prequantum operator ρ(H) one obtains the following Lemma 4.9 Let τ = it, t ∈ R, such that P τ is a Kähler or real polarization, that is
Then, the KSH operator
a) The KSH-image of the Gaussian coherent states (4.5) is given by
(4.14)
Proof. We have,
This follows equation 8.4.2 in [Wo] where, for t ∈ R,
which can also be proved straightforwardly. Analytic continuation to τ = it gives the result. We have to apply exp(tρ(H)) to the rhs of (4.12). From (4.4) we see that
Applying this operator to (4.12) we obtain (4.13). It is straightforward to verify that U τ (ψ Y ) is covariantly constant along P τ . Let us now prove (4.14). Let first t correspond to a Kähler polarization, ie t : 2πk < 2αt < (2k + 1)π, k ∈ Z. We have, from the proof of Proposition 3.1,
The real part of the matrix in the quadratic form in the exponent in (4.13) reads,
and we obtain, using (2.6),
For the real polarization corresponding to cos(αt) = 0, since H 12 = 0, we have from Proposition 3.1 that the polarization is given by ∂ ∂x C . It is immediate to check that in this case ||U τ ψ Y || is given by a convergent Gaussian integral along dp and the above calculation also gives that U τ is preserves the norms of the Gaussian states ψ Y , Y ∈ R 2 . The same is clearly true for the Schrödinger polarization where sin(αt) = 0 and U τ is the identity.
We now prove Theorem 4.1. Proof. (of Theorem 4.1) Part c) follows directly from Lemma 4.9. To prove a) and b), let t ∈ (0, π 2α
). Since the polarizations P τ are translation invariant for every t, so that they are preserved by the Hamiltonian vector fields X x = − ∂ ∂p and X p = ∂ ∂x , the corresponding Hilbert spaces of polarized wave functions, H Pτ , are preserved by the prequantum operators ρ(x), ρ(p). These satisfy the Heisenberg commutation relations and one obtains an irreducible representation of the Heisenberg group on H Pτ , for every such value of t. This representation is then given by
The intertwining property is now an easy consequence of (4.8) and (4.15). On the overcomplete basis of H P Sch given by the Gaussian coherent states in (4.5), we have
Note, in particular, that the dense subspace V ⊂ L 2 (R, dx) ⊗ √ dx, where the KSH map U τ has already been defined, is preserved by the Heisenberg group. From the theorem of Stone-Von Neumann, this implies that the KSH map extends to a well-defined operator
which moreover, must be unitary up to a multiplicative constant. Since, from (4.14), U τ preserves the norms of the Gaussian states it follows that that U τ is, in fact, unitary for t ∈ (0, π 2α
).
Finally, Proof. (of Theorem 4.4) Equation (4.10) follows directly from Lemma 4.9 (See also Remark 4.7) and direct evaluation of the Fourier transform. The proof of the fact that we have a unitary intertwining operator for the Heisenberg group
is the usual quantization space for the momentum polarization, is identical to the one for Theorem 4.1.
General quadratic case
We will now see that the cases of more general hyperbolic complexifiers are equivalent to the one of the hyperbolic Hamiltonian (4.1) of the previous Section. We have seen in Proposition 3.1 that for H 11 = 0 the flow of X H leaves P Sch invariant which implies that the KSH map is the identity as H = ρ(H)| H Sch . We will therefore assume from now on that H 11 = 0.
Quadratic Hamiltonians (3.1) with H 11 = 0 can be brought to diagonal form, by a canonical transformation generated by
for appropriate choices of β, γ ∈ R. (See also [ArGi] .) Let
Lemma 4.10 For s = 1 and
we have
we obtain,
from which the result follows. Notice that, in general, from the fact that
one can not, in general, deduce unitarity of the KSH map for H 1 from the unitarity of the KSH map for H. Lemma 4.11 Let H, H 1 , f , respectively, denote the self-adjoint Weyl quantizations of H, H 1 , f in the Schrödinger representation. Then,
Proof. It is well known that Weyl quantization is exact for observables which are quadratic in x and p (see, for example, [U] and [AdPW] ) that is{f, g}
It follows that
We also have Lemma 4.12 The prequantum operators ρ(H) and ρ(H 1 ) satisfy
Proof. Consider the following prepotential for −ω,
where θ = pdx. Note that this corresponds to a different choice of trivializing section for the prequantum bundle, so that the expressions of wave functions in both gauges are related by
In this new frame, it is easy to verify that the prequantum operator for f is
It is then immediate to verify that
from which the result follows by rewriting the prequantum operators in the original gauge.
Note that the operators exp(i f ), exp(iρ(f )) are unitary. Then, for the KSH maps we obtain
and we obtain the following sufficient condition for the unitarity of the KSH map for H 1 .
Relation to the classical Segal-Bargmann transform
Consider the Hamiltonian for a free particle on the symplectic plane
with Hamiltonian vector field
The corresponding Hamiltonian flow in imaginary timeτ = it,t ∈ R, produces the complex structureJτ on the plane given by the following holomorphic coordinatẽ
Even though the Hamiltonian flows of H E and of the hyperbolic Hamiltonian H = 1 2 (p 2 − α 2 x 2 ) are quite different, by comparing with (3.4) we see that this holomorphic coordinate correponds to the same complex structure on the plane as defined by the Hamiltonian flow of H in complex time τ = it, t ∈ R, such that tan(αt) = αt.
(5.1)
In fact, if τ,τ satisfy this relation we have
so that these two holomorphic coordinates on the plane, where one is just a rescaling of the other, define the same complex structure, that is J τ =Jτ . Note that, therefore, the same Kähler structure (that is, up to equivalence) on the symplectic plane can be described in two different ways, as we now explain. Recall that the path of Kähler structures obtained by Hamiltonian flow in imaginary time is a geodesic path with respect to the Mabuchi affine connection 3 defined on the space of Kähler potentials [Do99a, MN15] . The velocity of the geodesic is related to the Hamiltonian function generating it.
To the Hamiltonian flows of H and H E in imaginary times, τ = it,τ = it, t,t ∈ R + , respectively, we can associate two families of diffeomorphisms of the symplectic plane
If J st denotes the standard complex structure on the plane, corresponding to the usual holomorphic coordinate z = x + ip, we then have maps
Here, on the right-hand side, J τ ,Jτ are the complex structures described above and which together with the original symplectic form ω define Kähler structures on the plane. This is the "symplectic picture" where ω is kept fixed during the evolution in imaginary time. The Moser maps Φ τ ,Φτ pull-back these to equivalent Kähler structures in the "complex picture" where the complex structure J st is kept fixed [Do99a, MN15] .
As we noted above, for tan(αt) = αt we have J τ =Jτ . In fact, for τ,τ satisfying this relation it is easy to check that Φ −1 τ •Φτ is just a rescaling of the (x, p) coordinates which is an automorphism of J st .
Remarkably, we therefore have the same Mabuchi geodesic described by the flow of H E in imaginary timeτ fort ∈ (0, +∞), or by the flow of H in imaginary time τ for t ∈ (0, π 2α
). This is possible due to the fact that the complex structures these flows generate have continuous groups of automorphisms as we described above.
The lift of the imaginary time Hamiltonian flow of H to the bundle of Hilbert spaces of quantum states is given by the KSH maps U τ that were studied in Section 4.1. In the case of the free particle Hamiltonian H E , this lift is well-known to correspond to a family of SegalBargmann transforms [Ha02, FMMN, KW] . The fact that these two Hamiltonians generate the same Mabuchi geodesic, together with the intertwining properties of the corresponding KSH maps relative to the Heisenberg group, implies that the lifts of their imaginary time Hamiltonian flows to the bundle of quantum states are the same. Therefore, the KSH maps U τ are really Segal-Bargmann transforms disguised by the realization of the Mabuchi geodesic in which it is generated by the hyperbolic Hamiltonian. Let SBτ ,τ = it,t > 0 denote the family of Segal-Bargmann transforms of [Ha02, FMMN, KW] which can be written as [KMN13, KMN14] SBτ = exp (+tρ(H E )) • exp (−t H E ), whereτ = it,t ≥ 0, the prequantum operator associated to H E is
and H E = − ), be such that tan (αt) = αt. Then, SBτ = U τ .
Therefore, the Segal-Bargmann transforms can be factorized as the composition of the unbounded time-evolution operators associated to the prequantum and Schrödinger quantizations of the hyperbolic Hamiltonian H, as in (4.7).
At the endpoints of the intervals of imaginary time, t → π 2α
andt → +∞ respectively, the transforms U τ and SBτ become the usual Fourier transform. For the family U τ this is Theorem 4.4 above and for the family SBτ this is proved in [KW] . The application to holomorphic fractional Fourier transforms, as well as the proof of Theorem 5.1, will appear in [KMNT] .
